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Complete one–loop analysis of the nucleon’s spin polarizabilities
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Forschungszentrum Ju¨lich, Institut fu¨r Kernphysik (Theorie), D-52425 Ju¨lich, Germany
We present a complete one–loop analysis of the four nucleon spin polarizabilities in the framework
of heavy baryon chiral perturbation theory. The first non–vanishing contributions to the isovector
and first corrections to the isoscalar spin polarizabilities are calculated. No unknown parameters
enter these predictions. We compare our results to various dispersive analyses. We also discuss the
convergence of the chiral expansion and the role of the delta isobar.
PACS numbers: 13.40.Cs, 12.39.Fe, 14.20.Dh
Low energy Compton scattering off the nucleon is an
important probe to unravel the nonperturbative struc-
ture of QCD since the electromagnetic interactions in
the initial and final state are well understood. In the
long wavelength limit only the charge of the target can
be detected and the experimental cross sections, up to
photon energies ω of about 50 MeV in the centre-of-
mass system, can be described reasonably by the Powell
formula [1]. At higher energies 50 < ω < 100 MeV,
the internal structure of the system slowly becomes visi-
ble. Historically this nucleon structure-dependent effect
in unpolarized Compton scattering was taken into ac-
count by introducing two free parameters into the cross-
section formula, commonly denoted the electric (α¯) and
magnetic (β¯) polarizabilities of the nucleon in analogy
to the structure dependent response functions for light-
matter interactions in classical electrodynamics. Over
the past few decades several experiments on low energy
Compton scattering off the proton have taken place, re-
sulting in several extractions of the electromagnetic po-
larizabilities of the proton. At present, the commonly
accepted numbers are α¯(p) = (12.1±0.8±0.5)×10−4 fm3,
β¯(p) = (2.1∓0.8∓0.5)×10−4 fm3 [2], indicating that the
proton compared to its volume of ∼ 1 fm3 is a rather stiff
object. In parallel to the ongoing experimental efforts
theorists have tried to understand the internal dynam-
ics of the nucleon that would give rise to such (small)
structure effects. At present, several quite different the-
oretical approaches find qualitative and quantitative ex-
planations for these 2 polarizabilities, but it can be con-
sidered as one of the striking successes of chiral pertur-
bation theory [3] (for a general overview, see e.g. ref.
[4]).
Quite recently, with the advent of polarized targets
and new sources with a high flux of polarized photons,
the case of polarized Compton scattering off the proton
~γ ~p→ γp has come close to experimental feasibility. On
the theoretical side it has been shown [5] that one can
define 4 spin-dependent electromagnetic response func-
tions γi, i = 1 . . . 4, which in analogy to α¯ , β¯ are com-
monly called the “spin-polarizabilites” of the proton.
First studies have been published [6,7], claiming that the
such parameterized information on the low-energy spin
structure of the proton can really be extracted from the
upcoming double-polarization Compton experiments. A
success of this program would clearly shed new light on
our understanding of the internal dynamics of the proton
and at the same time serve as a check on the theoretical
explanations of the polarizabilities. The new challenge
to theorists will then be to explain all 6 of the lead-
ing electromagnetic response functions simultaneously.
At present there only exists one experimental analysis
that has shed some light on the magnitude of the (essen-
tially) unknown spin-polarizabilities γ
(p)
i of the proton:
The LEGS group has reported [8] a result∗ for a linear
combination involving three of the γi, namely
γ(p)pi |exp. = γ
(p)
1 + γ
(p)
2 + 2γ
(p)
4
= (17.3± 3.4)× 10−4 fm4 . (1)
We note that this pioneering result was obtained from
an analysis of an unpolarized Compton experiment in the
backward direction, where the spin-polarizabilities come
in as one contribution in a whole class of subleading order
nucleon structure effects in the differential cross-section.
Given these structure subtleties and the fact that most
theoretical calculations [6,7,9–11] have predicted this
particular linear combination of spin-polarizabilities to
be a factor of 2 smaller than the number given in Eq.(1),
we can only reemphasize the need for the upcoming po-
larized Compton scattering experiments.
In this note we are taking up the challenge on the
theory side within the context of Heavy Baryon Chi-
ral Perturbation Theory (HBChPT), extending previous
efforts [12,9,13,14] in a significant way. Previously an
order O(p3) SU(2) HBChPT calculation [12] was per-
formed, which showed that the leading (i.e. long-range)
structure effects in the spin-polarizabilities are given by
8 different πN loop diagrams giving rise to a 1/m2pi be-
havior in the γi. Subsequently it was shown in an O(ǫ
3)
SU(2) “small scale expansion” (SSE) calculation [9]—
which in contrast to HBChPT includes the first nucleon
∗Note that we have subtracted off the contribution of the
pion-pole diagram in order to be consistent with the defini-
tion of the spin-polarizabilities given in [9].
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resonance ∆(1232) as an explicit degree of freedom [15]—
that 2 (γ2, γ4) of the 4 spin-polarizabilities receive large
corrections due to ∆(1232) related effects, resulting in a
big correction to the leading 1/m2pi behavior [16]. An-
other important conclusion of [9] was that any HBChPT
calculation that wants to calculate γ2, γ4 would have to
be extended to O(p5) before it can incorporate the large
∆(1232) related corrections found in [9]. Recently, two
O(p4) SU(2) HBChPT calculations [13,14] of polarized
Compton scattering in the forward direction appeared,
from which one can extract one particular linear combi-
nation† of 3 of the 4 γi, which is usually called γ0:
γ0 = γ1 − (γ2 + 2γ4) cos θ|θ→0 . (2)
The authors of [13,14] claimed to have found a huge
correction to γ0 at O(p
4) relative to the O(p3) re-
sult already found in [18], casting doubt on the useful-
ness/convergence of HBChPT for spin-polarizabilities.
Given that γ0 involves the very 2 polarizabilities γ2, γ4,
which were already shown in [9] to receive huge correc-
tions even up to O(p5) when one tries to calculate them
in an effective field theory without explicit ∆(1232) de-
grees of freedom, the (known) poor convergence for γ0
found in [13,14] should not have come as a surprise. We
will come back to this point later.
In the following we report on the results of aO(p4) cal-
culation of all 4 spin-polarizabilities γi, which allows to
study the issue of convergence in chiral effective field the-
ories for these important new spin-structure parameters
of the nucleon. The pertinent results of our investigation
can be summarized as follows:
1) We first want to comment on the extraction of po-
larizabilities from nucleon Compton scattering ampli-
tudes. In previous analyses [9,12] it has always been
stated that in order to obtain the spin-polarizabilities
from the calculated Compton amplitudes, one only has
to subtract off the nucleon tree-level graphs from the
fully calculated amplitudes. The remainder in each
(spin-amplitude) then started with a factor of ω3 and
the associated Taylor-coefficient was related to the spin-
polarizabilities. Due to the (relatively) simple structure
of the spin-amplitudes at this order, this prescription
gives the correct result in the O(p3) HBChPT [12] and
the O(ǫ3) SSE [9] calculations. However, at O(p4) (and
also at O(ǫ4) [19]) one has to resort to a definition of
the (spin-) polarizabilities that is soundly based on field
theory, in order to make sure that one only picks up
those contributions at ω3 that are really connected with
†γ0 can also be calculated from the absorption cross sections
of polarized photons on polarized nucleons via the GGT sum
rule [17], as pointed out in [18]. In the absence of such data
several groups have tried to extract the required cross sections
via a partial wave analysis of unpolarized absorption cross
sections. Recent results of these efforts are given in table 2.
(spin-) polarizabilities. In fact, at O(p4) (O(ǫ4)) the
prescription given in [9,12] leads to an admixture of ef-
fects resulting from 2 successive, uncorrelated γNN in-
teractions with a one nucleon intermediate state. In
order to avoid these problems we advocate the follow-
ing definition for the spin-dependent polarizabilities in
(chiral) effective field theories: Given a complete set of
spin-structure amplitudes for Compton scattering to a
certain order in perturbation theory, one first removes
all one-particle (i.e. one-nucleon or one-pion) reducible
(1PR) contributions from the full spin-structure ampli-
tudes. Specifically, starting from the general form of the
T-matrix for real Compton scattering assuming invari-
ance under parity, charge conjugation and time reversal
symmetry, we utilize the following six structure ampli-
tudes Ai(ω, θ) [9,12] in the Coulomb gauge, ǫ0 = ǫ
′
0 = 0,
T = A1(ω, θ)~ǫ
∗′ · ~ǫ+A2(ω, θ)~ǫ
∗′ · kˆ ~ǫ · kˆ′
+ iA3(ω, θ)~σ · (~ǫ
∗′ × ~ǫ) + iA4(ω, θ)~σ · (kˆ
′ × kˆ)~ǫ ∗′ · ~ǫ
+ iA5(ω, θ)~σ · [(~ǫ
∗′ × kˆ)~ǫ · kˆ′ − (~ǫ× kˆ′)~ǫ ∗′ · kˆ]
+ iA6(ω, θ)~σ · [(~ǫ
∗′ × kˆ′)ǫˆ · kˆ′ − (~ǫ × kˆ)~ǫ ∗′ · kˆ], (3)
where θ corresponds to the c.m. scattering angle,
~ǫ, kˆ (~ǫ ′, kˆ′) denote the polarization vector, direction of
the incident (final) photon while ~σ represents the (spin)
polarization vector of the nucleon. Each (spin-)structure
amplitude is now separated into 1PR contributions and
a remainder, that contains the response of the nucleon’s
excitation structure to two photons:
Ai(ω, θ) = Ai(ω, θ)
1PR +Ai(ω, θ)
exc. , i = 3, . . . , 6 . (4)
Taylor-expanding the spin-dependent Ai(ω, θ)
1PR for the
case of a proton target in the c.m. frame into a power
series in ω, the leading terms are linear in ω and are
given by the venerable LETs of Low, Gell-Mann and
Goldberger [20]:
A3(ω, θ)
1PR =
[
1 + 2κ(p) − (1 + κ(p))2 cos θ
]
e2
2M2N
ω +O(ω2),
A4(ω, θ)
1PR = −
(1 + κ(p))2e2
2M2N
ω +O(ω2),
A5(ω, θ)
1PR =
(1 + κ(p))2e2
2M2N
ω +O(ω2),
A6(ω, θ)
1PR = −
(1 + κ(p))e2
2M2N
ω +O(ω2) . (5)
While it is not advisable to really perform this Taylor-
expansion for the spin-dependent Ai(ω, θ)
1PR due to the
complex pole structure, one can do so without problems
for the Ai(ω, θ)
exc. as long as ω ≪ mpi. For the case of
a proton one then finds
A3(ω, θ)
exc. = 4π
[
γ
(p)
1 − (γ
(p)
2 + 2γ
(p)
4 ) cos θ
]
ω3 +O(ω4),
A4(ω, θ)
exc. = 4πγ
(p)
2 ω
3 +O(ω4),
A5(ω, θ)
exc. = 4πγ
(p)
4 ω
3 +O(ω4),
A6(ω, θ)
exc. = 4πγ
(p)
3 ω
3 +O(ω4) . (6)
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We therefore take Eq.(6) as starting point for the calcula-
tion of the spin-polarizabilities, which are related to the
ω3 Taylor-coefficients of Ai(ω, θ)
exc.. As noted above,
both the O(p3) HBChPT [12] and the O(ǫ3) SSE [9] re-
sults are consistent with this definition.
2) Utilizing Eqs.(4,6) we have calculated the first sub-
leading correction, O(p4), to the 4 isoscalar spin-
polarizabilities γ
(s)
i already determined to O(p
3) in [12]
in SU(2) HBChPT. We employ here the convention [9]
γ
(p)
i = γ
(s)
i + γ
(v)
i ; γ
(n)
i = γ
(s)
i − γ
(v)
i . (7)
Contrary to popular opinion we show, that even at sub-
leading order all 4 spin-polarizabilities can be given in
closed form expressions which are free of any unknown
chiral counterterms! The only parameters appearing in
the results are the axial-vector nucleon coupling constant
gA = 1.26, the pion decay constant Fpi = 92.4MeV,
the pion mass mpi = 138MeV, the mass of the nucleon
MN = 938MeV as well as its isoscalar, κ
(s) = −0.12,
and isovector, κ(v) = 3.7, anomalous magnetic moments.
All O(p4) corrections arise from 25 one-loop πN con-
tinuum diagrams, with the relevant vertices obtained
from the well-known SU(2) HBChPT O(p) and O(p2)
Lagrangians given in detail in ref. [12]. To O(p4) we find
γ
(s)
1 = +
e2g2A
96π3F 2pim
2
pi
[1− µπ] , (8)
γ
(s)
2 = +
e2g2A
192π3F 2pim
2
pi
[
1 + µ
(−6 + κ(v))π
4
]
, (9)
γ
(s)
3 = +
e2g2A
384π3F 2pim
2
pi
[1− µπ] , (10)
γ
(s)
4 = −
e2g2A
384π3F 2pim
2
pi
[
1− µ
11
4
π
]
, (11)
with µ = mpi/MN ≃ 1/7 and the the numerical val-
ues given in table 1. The leading 1/m2pi behavior of
the isoscalar spin-polarizabilities is not touched by the
O(p4) correction, as expected. With the notable excep-
tion of γ
(s)
4 , which even changes its sign due to a large
O(p4) correction, we show that this first subleading or-
der of γ
(s)
1 , γ
(s)
2 , γ
(s)
3 amounts to a 25-45% correction to
the leading order result. This does not quite correspond
to the expected mpi/MN correction of (naive) dimen-
sional analysis, but can be considered acceptable. The
physical origin of the large correction in γ
(s)
4 is not yet
understood, but we remind the reader again of our com-
ments above, that it was shown in the SSE calculation
of [9] that one should not expect a good convergence be-
havior for γ
(s)
2 , γ
(s)
4 in HBChPT at all.
3) We further report the first results for the 4 isovec-
tor spin-polarizabilities γ
(v)
i obtained in the framework
of chiral effective field theories. Previous calculations
at O(p3) [12] and O(ǫ3) [9] were only sensitive to the
isoscalar spin-polarizabilities γ
(s)
i , therefore this calcu-
lation gives the first indication from a chiral effective
field theory about the magnitude of the difference in
the low-energy spin structure between proton and neu-
tron. As in the case of the isoscalar spin-polarizabilities
there are again no unknown counterterm contributions
to this order in the γ
(v)
i . All O(p
4) contributions arise
from 16 one-loop πN continuum diagrams with the rel-
evant O(p), O(p2) vertices again obtained from the La-
grangians given in ref. [12]. To O(p4) one finds
γ
(v)
1 =
e2g2A
96π3F 2pim
2
pi
[
0− µ
5π
8
]
, (12)
γ
(v)
2 =
e2g2A
192π3F 2pim
2
pi
[
0− µ
(1 + κ(s))π
4
]
, (13)
γ
(v)
3 =
e2g2A
384π3F 2pim
2
pi
[
0 + µ
π
4
]
, (14)
γ
(v)
4 = 0 , (15)
with the numerical values again given in table 1. The re-
sult of our investigation is that the size of the γ
(v)
i really
tends to be an order of magnitude smaller than the one
of the γ
(s)
i (with the possible exception of γ
(v)
1 ), support-
ing the scaling expectation, γ
(v)
i ∼ (mpi/MN )γ
(s)
i from
(naive) dimensional analysis. This is reminiscent of the
situation in the spin-independent electromagnetic polar-
izabilities α¯(v), β¯(v) [3], which are also suppressed by one
chiral power relative to their isoscalar partners α¯(s), β¯(s).
4) Finally, we want to comment on the comparison be-
tween our results and existing calculations using dis-
persion analyses. Given our comments on the conver-
gence of the chiral expansion for the (isoscalar) spin-
polarizabilities [9], we reiterate that we do not believe
our O(p4) HBChPT result for γ
(s)
2 , γ
(s)
4 to be meaning-
ful. Their large inherent ∆(1232) related contribution
just cannot be included (via a counterterm) before O(p5)
in HBChPT that only deals with pion and nucleon de-
grees of freedom. In table 1 it is therefore interesting to
note that by adding (“by hand”) the delta-pole contri-
bution of ∼ −2.5 10−4fm4 found in [9] to γ
(s)
2 one could
get quite close to the range for this spin-polarizability
as suggested by the dispersion analyses [10,7,6]. Sim-
ilarly, adding ∼ +2.5 10−4fm4 to γ
(s)
4 as suggested by
[9] also leads quite close to the range advocated by the
dispersion results [10,7,6]. However, such a procedure is
of course not legitimate in an effective field theory, but
it raises the hope that an extension of the O(ǫ3) SSE
calculation of [9] that includes explicit delta degrees of
freedom could lead to a much better behaved pertur-
bative expansion for the isoscalar spin-polarizabilities.
Whether this expectation holds true will be known quite
soon [19]. For the isovector spin-polarizabilities we have
given the first predictions available from effective field
theory. In general the agreement with the range advo-
cated by the dispersion analyses is quite good. Judg-
ing from table 1 we note that the main difference be-
tween the 2 analyses from Mainz [10,7] seems to lie in
the treatment of the isovector structure, indicating that
3
the isospin separation might pose some difficulties in the
dispersion approaches. In table 2 we give a compari-
son of our results for those linear combinations of the
γi that typically are the main focus of attention in the
literature. However, we re-emphasize that we do not con-
sider our O(p4) HBChPT predictions for γ
(s)
0 , γ
(s)
pi to be
meaningful, because they involve γ
(s)
2 , γ
(s)
4 . The corre-
sponding isovector combinations, however, again seem to
agree quite well with the dispersive results and so far we
have no reason to suspect that they might be affected by
the poor convergence behavior of some of their isoscalar
counterparts. We further note that our O(p4) HBChPT
predictions for γ
(s,v)
0 differ from the ones given in 2 re-
cent calculations [13,14]. As noted above this difference
solely arises from a different definition of nucleon spin-
polarizabilities. If we (“by hand”) Taylor-expand our
γNN vertex functions in powers of ω and include the
resulting terms into the the γ0 structure, we obtain the
O(p4) corrections γ
(s)
0 = −6.9, γ
(v)
0 = −1.6 in units of
10−4fm4, in numerical (and analytical) agreement with
[13,14]. This brings us to an important point: Once the
first polarized Compton asymmetries have been mea-
sured, it has to be checked very carefully whether the
same input data fitted to the terms we define as 1PR
plus the additional free γi parameters leads to the same
numerical fit-results for the spin-polarizabilities as in the
dispersion theoretical codes usually employed to extract
polarizabilities from Compton data. Small differences
for example in the treatment of the pion/nucleon pole
could lead to quite large systematic errors in the deter-
mination of the γi. Such studies are under way [19].
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